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Abstract
A non-empty subset U  of a near-ring N  is said to be a semigroup left (resp. right) ideal of N  if NU  ⊆  U  (resp. UN  ⊆  U) and if U  is
both a semigroup left ideal and a semigroup right ideal, it will be called a semigroup ideal. In the present paper, we investigate the
commutativity of addition and multiplication of near-rings satisfying certain identities involving n-derivations on semigroup ideals
and ideals. Furthermore, we study the conditions with semigroup ideals for n-derivations D and D of N  which imply that D = D .1 2 1 2
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1.  Introduction
Throughout the paper, N  will denote a zero symmet-
ric left near-ring. We will denote the product of any two
elements x  and y  in N, i.e.; x  · y by xy. N  is called zero
symmetric if 0x  = 0 holds for all x  ∈  N  (recall that in a
left near-ring x0 = 0 for all x  ∈  N). N  is called a prime
near-ring if xNy  = {0}  implies x = 0 or y  = 0. A nonempty
subset U  of N  is called semigroup left ideal (resp. semi-
group right ideal) if NU  ⊆  U  (resp. UN  ⊆  U) and if U  is
both a semigroup left ideal and a semigroup right ideal,
it will be called a semigroup ideal. Let I  be a nonempty
subset of N  then a normal subgroup (I, +) of (N,∗ Corresponding author.
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+) is called a right ideal (resp. a left ideal) of N  if
(x + i)y  −  xy  ∈  I  for all x, y  ∈  N  and for all i  ∈ I (resp.
xi ∈ I  for all i  ∈ I  and x  ∈  N). I  is called an ideal of N
if it is both a left ideal as well as a right ideal of N. The
symbol Z  will denote the multiplicative center of N, that
is, Z = {x  ∈  N|xy  = yx  for all y ∈  N}. For any x, y  ∈  N the
symbol [x, y] = xy  −  yx  stands for multiplicative commu-
tator of x and y, while the symbol xoy  will denote xy  + yx.
The symbol C  represents the set of all additive commu-
tators of N. For terminologies concerning near-rings, we
refer to Pilz [1].
A derivation d  on N  is an additive mapping
d : N  →  N  satisfying d(xy) = d(x)y  + xd(y) (or equiva-
lently d(xy) = xd(y) + d(x)y) for all x, y ∈  N, as noted in
Proposition 1 of [2]). A map D  : N  ×  N  ×  · ·  ·  ×  N
︸ ︷︷  ︸
n-times
→
N is said to be permuting (or symmetric) if the relation
D(x1, x2, .  . ., xn) = D(xπ(1), xπ(2), . .  ., xπ(n)) holds for
all x1, x2, .  . ., xn ∈  N  and for every permutation π ∈  Sn,
where Sn is the permutation group on {1, 2, . .  ., n}. Let. This is an open access article under the CC BY-NC-ND license
us consider the following map:
Let n  be a fixed positive integer. An n-
additive (i.e.; additive in each argument) mapping
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 : N  ×  N  ×  · ·  · ×  N  →  N  is called an n-derivation if the
elations
D(x1x′1, x2, . . .,  xn) = D(x1, x2, . . .,  xn)x1′ + x1D(x′1, x2, . . .,  xn)
D(x1, x2x′2, . . .,  xn) = D(x1, x2, . . .,  xn)x2′ + x2D(x1, x′2, . . .,  xn)
.
.
.
D(x1, x2, . . .,  xnx′n) = D(x1, x2, . . .,  xn)xn′ + xnD(x1, x2, . . ., x′n)
old for all x1, x′1, x2,  x′2, .  . ., xn, x′n ∈  N. If in addition
 is a permuting map then D  is called a permuting n-
erivation of N  (see [3] for further reference).
There are several results in the existing literature
hich assert that prime near-ring with certain con-
trained derivation have ring like behavior. Recently
everal authors (see [3–6] for reference where further
eferences can be found) have investigated commutativ-
ty of near-rings satisfying certain identities. Motivated
y these results now we shall consider n-derivation on
 near-ring N  and show that prime near-rings satisfying
ome identities involving n-derivations and semigroup
deals or ideals are commutative rings. In fact, our results
eneralize some known results viz. Theorems 3.2, 3.3
nd 3.8 of [3]; Theorem 2 of [4] and Theorems 2.1, 3.2(i)
nd (iii) and 3.3 of [5], etc. Some more related results
ave been also studied.
.  Preliminary  results
We begin with the following lemmas which are essen-
ial for developing the proofs of our main results. Proof
f first lemma can be seen in [4, Lemma 3] while those
f next four can be found in [5].
emma 2.1.  Let  N  be  a  prime  near-ring.
(i) If  z  ∈  Z  \  {0}  then  z  is  not  a  zero  divisor.
ii) If  Z  \  {0}  contains  an  element  z  for  which  z  + z  ∈  Z,
then (N, +) is  an  abelian  group.
emma  2.2.  Let  N  be  a  prime  near-ring.  If  z  ∈  Z  \  {0}
nd x is  an  element  of  N  such  that  xz  ∈  Z  or  zx  ∈ Z,  then
 ∈  Z.
emma  2.3.  Let  N  be  a  prime  near-ring.
(i) If  U is  a  nonzero  semigroup  right  ideal  (resp.  semi-
group left  ideal)  and  x  is  an  element  of  N  such  that
Ux = {0}  (resp.  xU  = {0}),  then  x  = 0.
ii) If  U is  a nonzero  semigroup  right  ideal  and  x  is  an
element of  N  which  centralizes  U,  then  x  ∈  Z.sity for Science 9 (2015) 126–132 127
Lemma  2.4.  Let  N be  a  prime  near-ring  and  U  a
nonzero semigroup  ideal  of  N.  If  x, y ∈  N  and  xUy  = {0},
then x  = 0 or  y  = 0.
Lemma  2.5.  Let  N  be  a  prime  near-ring  and  Z  contains
a nonzero  semigroup  left  ideal  or  semigroup  right  ideal,
then N  is  a  commutative  ring.
In the year 1994 it was proved by Wang [2, Lemma
2] that if near-ring N  admits a derivation d then d(Z) ⊆  Z.
We have extended this result in the setting of n-derivation
on a near-ring N.
Lemma  2.6.  Let  D  be  an  n-derivation  of  a  near-ring
N. Then  D(Z, N, .  . ., N) ⊆  Z.
Proof.  If z  ∈ Z  then D(zr1, r2, . .  ., rn) = D(r1z, r2, . .  .,
rn) for all r1, r2, .  . ., rn ∈  N. Therefore, in view of Lemma
2.2 (for σ  = τ = IN, the identity map of N) of [6], we have
D(z, r2, . .  ., rn)r1 + zD(r1, r2, .  .  ., rn) = r1D(z, r2, .  . .,
rn) + D(r1, r2, .  . ., rn)z. Since z  ∈  Z, we get D(z, r2, . .  .,
rn)r1 = r1D(z, r2, . .  ., rn) for all z  ∈  Z, r1, r2, .  . ., rn ∈  N.
This implies that D(Z, N, .  . ., N) ⊆  Z. 
Lemma 2.7.  Let  N  be  a  prime  near-ring  and  D  a
nonzero n-derivation  of  N.
(i) If  U1, U2, . . ., Un are  nonzero  semigroup  right  ide-
als (resp.,  semigroup  left  ideals)  and  (x1, x2, . .  .,
xn) ∈  (N, N, .  . ., N) such  that  (U1, U2, .  . ., Un)(x1, x2,
. . ., xn) = {(0, 0, .  . ., 0)}  (resp.  (x1, x2, .  . ., xn)(U1,
U2, .  . ., Un) = {(0, 0, . . ., 0)})  then  (x1, x2, . .  .,
xn) = (0, 0, .  . ., 0).
(ii) If  U1, U2, .  . ., Un are  nonzero  semigroup  right  ideals
or nonzero  semigroup  left  ideals  then  D(U1, U2, . . .,
Un) /=  {0}.
iii) If  U1, U2, .  . ., Un are  nonzero  semigroup  right  ideals
and (x1, x2, .  .  ., xn) ∈  (N, N, .  . ., N) which  centralizes
(U1, U2, .  . ., Un),  then  (x1, x2, .  . ., xn) ∈  (Z, Z, .  . .,
Z).
(iv) Suppose that  U1, U2, . .  ., Un are  nonzero  semigroup
ideals of  N.  If  (x1, x2, . .  ., xn), (y1, y2, . . ., yn) ∈ (N,
N, .  . ., N) and  (x1, x2, . .  ., xn)(U1, U2, .  . ., Un)(y1,
y2, . . ., yn) = {(0, 0, .  . ., 0)},  also  if x1 /=  0, x2 /=  0,
. . ., xn /=  0,  then  (y1, y2, . .  ., yn) = (0, 0, . .  ., 0).
Proof. (i) Let N  be a prime near-ring. It is obvious that
(N, N, .  . ., N) also forms a near-ring with respect to com-
ponentwise addition and componentwise multiplication.
Since U1, U2, .  . ., Un are nonzero semigroup right ide-
als, (U1, U2, . . ., Un) will be a nonzero semigroup right
ideal of (N, N, .  .  ., N). If (U1, U2, . .  ., Un)(x1, x2, .  . .,
 Univer128 M. Ashraf et al. / Journal of Taibah
xn) = {(0, 0, .  .  ., 0)}  then we obtain (u1, u2, . .  ., un)(x1,
x2, . . ., xn) = (0, 0, .  . ., 0) for all ui ∈  Ui, 1 ≤  i ≤  n. This
implies that (u1x1, u2x2, . .  ., unxn) = (0, 0, . . ., 0), i.e.;
u1x1 = 0, u2x2 = 0, . .  ., unxn = 0 for all ui ∈  Ui, 1 ≤  i  ≤  n.
Since u1x1 = 0 for all u1 ∈  U1 and x1 ∈  N, replacing u1
in the preceding relation by u1r  where r  ∈  N  we have
u1Nx1 = {0}. But N  is a prime near-ring and U1 /=  {0},
we conclude that x1 = 0. Similarly we can prove that
x2 = 0, x3 = 0, . .  ., xn = 0, so we lastly get the required
result (x1, x2, .  . ., xn) = (0, 0, . .  ., 0).
(ii) Since (U1, U2, . . ., Un) is a nonzero semigroup
right ideal of (N, N, . . ., N). Assume D(U1, U2, . . .,
Un) = {0}. This gives us that
D(u1,  u2,  .  . ., un) =  0 (2.1)
for all u1 ∈  U1, u2 ∈  U2, . .  ., un ∈  Un. Putting u1r1, where
r1 ∈  N, for u1 in the relation (2.1) and using it again we
have u1D(r1, u2, .  . ., un) = 0. Now replacing u1 by u1r
where r  ∈  N  in the preceding relation we have u1rD(r1,
u2, .  . ., un) = 0, i.e.; U1ND(r1, u2, .  . ., un) = {0}  . But
U1 /=  {0}  and N  is a prime near-ring, we conclude that
D(r1,  u2, . . ., un) =  0 (2.2)
Now putting u2r2 ∈  U2 in place of u2, where r2 ∈  N, in
relation (2.2) and proceeding as above we get D(r1, r2,
u3, .  . ., un) = 0. Proceeding inductively as before we con-
clude that D(r1, r2, . .  ., rn) = 0 for all r1, r2, . .  ., rn ∈  N.
This shows that D(N, N, . .  ., N) = {0}, leading to a contra-
diction as D  is a nonzero n-derivation. Therefore D(U1,
U2, . .  ., Un) /=  {0}  . We can also say that D(U1, U2,
. . ., Un) = {0}  implies that D(N, N, .  . ., N) = {0}. Similar
arguments can be given for semigroup left ideals also.
(iii) Since (U1, U2, .  . ., Un) is a nonzero semigroup
right ideal of (N, N, . .  ., N), using hypothesis we obtain
(x1, x2, . . ., xn)(u1, u2, .  .  ., un) = (u1, u2, .  .  ., un)(x1, x2,
. . ., xn) for all ui ∈  Ui ; 1 ≤  i ≤  n. Hence (x1u1, x2u2, .  .  .,
xnun) = (u1x1, u2x2, .  . ., unxn) for all ui ∈  Ui ; 1 ≤  i ≤  n.
This implies that x1u1 = u1x1 for all u1 ∈  U1. Now putting
u1r  for u1 where r ∈  N  in the preceding relation and using
this relation again we have u1[x1, r] = 0. Using u1s  for u1,
where s  ∈  N, in the relation u1[x1, r] = 0 we get u1N[x1,
r] = {0}. Since N  is a prime near-ring and U1 /=  {0},
finally we obtain [x1, r] = 0. In turn we get x1 ∈  Z  and
similarly we can prove that x2, x3, . .  ., xn ∈  Z. Therefore
(x1, x2, x3, . .  ., xn) ∈  (Z, Z, . .  ., Z).
(iv) Since (x1, x2, . .  ., xn)(U1, U2, . . ., Un)(y1, y2,
. . ., yn) = {(0, 0, . .  ., 0)}, we find that (x1, x2, .  . .,
xn)(u1, u2, . .  ., un)(y1, y2, . .  ., yn) = (0, 0, . . ., 0) for all
ui ∈  Ui ; 1 ≤  i  ≤ n, i.e.; xiUiyi = {0}  ; 1 ≤  i ≤  n. Using the
hypothesis and Lemma 2.4, we get (y1, y2, .  . ., yn) = (0,
0, .  . ., 0). sity for Science 9 (2015) 126–132
Lemma  2.8.  Let  N  be  a  prime  near-ring,  D  a  nonzero  n-
derivation of  N and  U1, U2, .  . ., Un be  nonzero  semigroup
ideals of  N.
(i) If  x ∈  N  and  D(U1, U2, .  . ., Un)x  = {0},  then  x = 0.
(ii) If  x ∈  N  and  xD(U1, U2, .  . ., Un) = {0},  then  x  = 0.
Proof. (i) By our hypothesis, we have D(U1, U2, .  . .,
Un)x  = {0}, i.e.;
D(u1,  u2, .  . ., un)x  =  0 (2.3)
for all ui ∈  Ui ; 1 ≤  i  ≤  n. Putting r1u1 in place of u1,
where r1 ∈  N, in relation (2.3) we get D(r1u1, u2, . .  .,
un)x  = 0. Using Lemmas 2.2 and 2.4 (for σ  = τ  = IN,
the identity mapping on N) of [6], previous relation
takes the form r1D(u1, u2, . .  ., un)x  + D(r1, u2, .  .  .,
un)u1x  = 0. Using the hypothesis again we get D(r1, u2,
. .  ., un)u1x = 0. Replacing u1 by u1s where s  ∈  N  in pre-
ceding relation we obtain D(r1, u2, . .  ., un)u1sx  = 0, i.e.;
D(r1, u2, . .  ., un)u1Nx  = {0}. Since N  is a prime near-
ring, either D(r1, u2, .  . ., un)u1 = 0 or x  = 0. Our claim is
that D(r1, u2, .  .  ., un)u1 /=  0, for some r1 ∈  N, u1 ∈  U1,
u2 ∈ U2, .  . ., un ∈  Un. For otherwise if D(r1, u2, . .  .,
un)u1 = 0 for all r1 ∈ N, u1 ∈  U1, u2 ∈  U2, . . ., un ∈  Un,
then D(r1, u2, .  .  ., un)tu1 = 0 where t ∈  N, i.e.; D(r1, u2,
. .  ., un)Nu1 = {0}. As U1 /=  {0}, primeness of N yields
D(r1, u2, . .  ., un) = 0 for all r1 ∈ N, u2 ∈  U2, .  . ., un ∈  Un.
Now proceeding as in the proof of Lemma 2.7(ii), we
can show that D(N, N, . .  ., N) = {0}  leading to a con-
tradiction. Therefore, our claim is correct and now we
conclude that x = 0.
(ii) It can be proved in a similar way. 
Lemma  2.9.  Let  N  be  a near-ring  possessing  right  can-
celation law  with  n-derivations  D1 and  D2 such  that
D1(U1, U2, . . ., Un) = D2(U1, U2, .  .  ., Un) where  U1,
U2, . .  ., Un are  nonzero  semigroup  left  ideals  of  N.  Then
D1 = D2.
Proof.  We have
D1(u1,  u2, .  . ., un) =  D2(u1, u2,  .  . ., un) (2.4)
for all u1 ∈  U1, u2 ∈  U2, . .  ., un ∈ Un. Putting r1u1 for
u1 where r1 ∈  N  in the above equation we get D1(r1u1,
u2, . .  ., un) = D2(r1u1, u2, .  . ., un). Therefore, D1(r1,
u2, . . ., un)u1 + r1D1(u1, u2, . .  ., un) = D2(r1, u2, . .  .,
un)u1 + r1D2(u1, u2, .  . ., un). By using relation (2.4) we
have D1(r1, u2, .  .  ., un)u1 = D2(r1, u2, .  . ., un)u1. Since
U1 /=  {0}, using hypothesis again we obtain
D1(r1,  u2, .  . ., un) =  D2(r1,  u2,  . .  ., un) (2.5)
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or all r1 ∈  N, u2 ∈  U2, .  . ., un ∈  Un. Now putting r2u2 for
2, where r2 ∈  N, in Eq. (2.5) and arguing in the same way
s before, we obtain that D1(r1, r2, u3, .  .  ., un) = D2(r1,
2, u3, . . ., un). Now proceeding inductively in a sim-
lar manner as above we conclude that D1(r1, r2, . .  .,
n) = D2(r1, r2, . .  ., rn) for all r1, r2, . . , rn ∈  N. Hence,
1 = D2. 
emma  2.10.  Let  N  be  a  prime  near-ring.  Let  D1 and
2 be  n-derivations  on  the  near  ring  N.  Assume  that
1(U1, U2, . .  ., Un) = D2(U1, U2, . . ., Un) where  U1, U2,
 . ., Un are  nonzero  semigroup  right  ideals  of  N.  Then
1 = D2.
roof.  By our hypothesis D1(u1, u2, . .  ., un) = D2(u1,
2, . . ., un) for all u1 ∈  U1, u2 ∈ U2, . . ., un ∈  Un. Putting
1r1 where r1 ∈  N  in place of u1 in the previous relation
nd using it again, we get u1{D1(r1, u2, . .  ., un) −  D2(r1,
2, . .  ., un)}  = 0, i.e.; u1t{D1(r1, u2, . .  ., un) −  D2(r1, u2,
 . ., un)}  = 0 for all t  ∈  N. This shows that u1N{D1(r1,
2, .  . ., un) −  D2(r1, u2, .  . ., un)}  = {0}. Since U1 /=  {0}
nd N  is a prime near-ring, we infer that D1(r1, u2, .  . .,
n) = D2(r1, u2, . .  ., un). Similarly putting r2u2 in place
f u2, where r2 ∈  N, in the preceding equation and using
he above trick we get D1(r1, r2, u3, . . ., un) = D2(r1, r2,
3, . .  ., un). Proceeding inductively after n  steps we get
1(r1, r2, . .  ., rn) = D2(r1, r2, .  . ., rn) and hence D1 = D2.
.  Main  results
Let K  = {a  ∈  N|[a, d(u)] = 0, for all u  ∈  U}, where U
s a nonzero semigroup ideal and d  a nonzero deriva-
ion of a prime near-ring N. In the year 1997, Bell [5,
heorem 3.2(i) and (iii)] proved that (i) if a  ∈  K, then
 ∈  Z  or d(a) = 0 and (ii) d(K) ⊆  Z. Inspired by this result
e have proved the following theorem in the setting of
-derivation:
heorem 3.1.  Let  N  be  a  prime  near-ring,  D  a  nonzero
-derivation  of  N  and  U1, U2, . . ., Un be  nonzero  semi-
roup ideals  of N.  Let  K  = {a  ∈  N|[D(U1, U2, .  . ., Un),
] = {0}}.
(i) If  a ∈  K,  then  a ∈  Z or  D(a, a, . . ., a) = 0.
ii) D(a, a, .  . ., a) ∈  Z for  all  a ∈  K.roof. (i) Since a  ∈  K, [D(U1, U2, . .  ., Un), a] = {0}.
herefore
D(u1,  u2,  . .  ., un) =  D(u1,  u2,  . .  ., un)a  (3.1)sity for Science 9 (2015) 126–132 129
for all ui ∈  Ui ; 1 ≤  i  ≤  n. Putting au1 in place of u1 in
relation (3.1) and using it and ([6], Lemma 2.3) we get
aD(a,  u2,  . .  ., un)u1 =  D(a,  u2,  . .  ., un)u1a  (3.2)
for all ui ∈  Ui ; 1 ≤  i ≤  n. Putting u1r  where r ∈  N  in place
of u1 in relation (3.2) and using it we get D(a, u2, .  . .,
un)u1ar  = D(a, u2, .  . ., un)u1ra. This implies that D(a, u2,
. .  ., un)u1N(ar  −  ra) = {0}. Since N is a prime near-ring,
for given a ∈  N either a ∈  Z  or D(a, u2, u3, .  . ., un)u1 = 0.
If first case holds then nothing to do. If not, then second
case implies that D(a, u2, u3, . .  ., un)Nu1 = {0}. Since
U1 /=  {0}, primeness of N  yields
D(a,  u2,  .  . ., un) =  0 (3.3)
for all ui ∈ Ui ; 2 ≤  i ≤  n. Now putting au2 in place of u2
in relation (3.3) and using it again, we get D(a, a, u3,
u4, . .  ., un)u2 = 0 or D(a, a, u3, u4, . .  ., un)NU2 = {0}.
Now the primeness of N and U2 /=  {0}  yield D(a, a,
u3, u4, . .  ., un) = 0. Proceeding inductively as above we
conclude that D(a, a, .  .  ., a) = 0.
(ii) By preceding proof (i) it is clear that for any a ∈  K,
either D(a, a, . .  ., a) = 0 or a  ∈  Z. First case implies that
D(a, a, . .  ., a) ∈  Z. For the second case, using Lemma 2.6,
we obtain that D(a, a, . .  ., a) ∈  Z. Hence, we conclude
that D(a, a, .  . ., a) ∈  Z  for all a  ∈ K. 
Theorem 3.2.  Let  N  be  a prime  near-ring.  Let  D1 and
D2 be  any  two  nonzero  n-derivations  of  N.  If  [D1(U1,
U2, .  . ., Un), D2(U1, U2, .  .  ., Un)] = {0}  where  U1, U2,
. .  ., Un are  nonzero  semigroup  ideals  of  N,  then  (N, +) is
an abelian  group.
Proof.  It is straight forward to show that if
z ∈  N  is such that [z, D2(U1, U2, . .  ., Un)] = [z  + z,
D2(U1, U2, .  .  ., Un)] = {0}  and u1,  u′1 ∈ U1 are
such that u1 +  u′1 ∈  U1, then zD2(c, u2, .  . ., un) = 0,
where c  is the additive commutator (u1 +  u′1 −  u1 −
u′1) ∈  U1,  u2 ∈  U2,  . . ., un ∈  Un. If r, s  ∈ U1 we have
rs ∈  U1 and rs + rs  = r(s  + s) ∈  U1 and since [D1(U1,
U2, .  . ., Un), D2(U1, U2, .  . ., Un)] = {0}, taking z  =
D1(rs,  u′2, .  . .,  u′n) where r,  s  ∈ U1,  u′2 ∈ U2,  . .  ., u′n ∈
Un gives D1(U21 ,  U2,  .  . ., Un)D2(c,  u2, .  . ., un) =  {0}
because for all r, s  ∈  U1 implies that rs  ∈ U21 . But U21 =
{pq |  p,  q ∈  U1}  is a nonzero semigroup ideal, so by
Lemma 2.8(i) we get
D2(u1 +  u′1 −  u1 −  u′1,  u2, u3,  . . ., un) =  0 (3.4)
for all u1,  u′1 ∈  U1 such that u1 +  u′1 ∈ U1. Now take
u1 = rx  and u′1 =  ry  where r  ∈  U1 and x, y  ∈ N, so that′ ′u1, u1 and u1 +  u1 are all in U1. It follows from rela-
tion (3.4) that D2(rx + ry  −  rx −  ry, u2, u3, .  .  ., un) = 0
for all r ∈  U1 and for all x, y  ∈  N. Replacing r  by wr,  w  ∈
U1, we get D2(U1, U2, .  . ., Un)(rx  + ry  −  rx  −  ry) = {0}
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for all r  ∈  U1 and x, y ∈  N, i.e.; D2(U1, U2, .  . .,
Un)U1(x  + y  −  x  −  y) = {0}  for all x, y ∈  N  and by
Lemmas 2.7(ii) and 2.4 we get x  + y −  x −  y = 0 for all
x, y  ∈  N, and hence (N, +) is an abelian group. 
Corollary 3.1  ([5, Theorem 3.3]). Let  N  be  a  prime
near-ring. Let  U  be  nonzero  semigroup  ideal  of  N  and
let d be  a  nonzero  derivation  on  N.  If  [d(U), d(U)] = {0},
then (N, +) is  an  abelian  group.
Corollary  3.2  ([3, Theorem 3.3]). Let  N  be  a  prime
near-ring and  D1 and  D2 be  any  two  nonzero  permuting
n-derivations  of  N.  If  [D1(N, N, . . ., N), D2(N, N, . .  .,
N)] = {0},  then  (N, +) is  an  abelian  group.
Theorem  3.3.  Let  N  be  a  prime  near-ring,  U1, U2, . .  .,
Un be  nonzero  semigroup  right  ideals  of  N  and  let  D  be
a nonzero  n-derivation  of  N.  If  D(U1, U2, .  .  ., Un) ⊆  Z,
then N  is  a commutative  ring.
Proof. For all u1, u′1 ∈  U1,  u2 ∈  U2,  . .  ., un ∈  Un we
get
D(u1u′1, u2, .  . ., un)
= D(u1, u2,  . .  ., un)u′1 +  u1D(u′1,  u2,  . .  ., un) ∈ Z
(3.5)
Now commuting Eq. (3.5) with the element u′1 we
have {D(u1,  u2,  .  . ., un)u′1 +  u1D(u′1, u2, . . ., un)}u′1 =
u′1{D(u1, u2, . . ., un)u′1 +  u1D(u′1,  u2, . . ., un)}. Using
the hypothesis and Lemma 2.3 of [6] for σ  = τ = IN, the
identity map on N, we get D(u′1, u2,  . .  ., un)(u′1u1 −
u1u
′
1) =  0 for all u1, u′1 ∈  U1, u2 ∈  U2, . . ., un ∈  Un.
By Lemma 2.1(i), we see that for each u′1 ∈  U1, either
u′1 centralizes U1 or D(u′1,  u2, . . ., un) =  0. If u′1 cen-
tralizes U1 then by Lemma 2.3(ii) we get u′1 ∈  Z.
If D(u′1, u2,  . . ., un) =  0, then (3.5) takes the form
D(u1u′1, u2, .  . ., un) =  D(u1,  u2, .  .  ., un)u′1 ∈  Z  for all
u1 ∈  U1, u2 ∈  U2, .  . ., un ∈  Un and by Lemmas 2.2 and
2.7(ii), we get u′1 ∈  Z. Thus, we have shown that if for
some u′1 ∈  U1,
D(u′1,  u2,  .  . ., un) =  0,  for all
u2 ∈  U2, .  . ., un ∈  Un, then u′1 ∈  Z  (3.6)
Now we conclude that U1 ⊆  Z and N  is therefore a com-
mutative ring by Lemma 2.5. Theorem 3.4.  Let  N  be  a  prime  near-ring,  D  a  nonzero
n-derivation  of  N  and  U1, U2, .  . ., Un be  nonzero  semi-
group left  ideals  of  N.  If  D(U1, U2, . .  ., Un) ⊆  Z,  then  N
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Proof.  Using same arguments as used in the proof of
Theorem 3.3, we conclude that all are commutative. It
follows that if at least one Ui contains a nonzero cen-
tral element w, then we have xwui = uixw  = wuix, and
therefore w(xui −  uix) =  0 for all x ∈  N, ui ∈  Ui. Thus
Ui ⊆ Z, by Lemma 2.1(i) and hence N  is commutative
ring by Lemma 2.5.
We may now assume that Ui ∩  Z  = {0}, for all
i = 1, 2, 3, .  .  . , n  ; and under this condition rela-
tion (3.6) of Theorem 3.3 shows that D(u1, u2,
. .  ., ui, . . ., un) /=  0, for all u1 ∈  U1, u2 ∈  U2, .  . .,
ui ∈ Ui \  {0}, . .  ., un ∈ Un. For each ui∈  Ui \ {0}  ; and
for every u1 ∈  U1, u2 ∈  U2,  .  . ., ui−1 ∈  Ui−1,  ui+1 ∈
Ui+1,  . . ., un ∈ Un; D(u1, u2,  .  . ., u2i , .  . ., un) =
D(u1,  u2, .  . ., ui,  .  . ., un)(ui +  ui) and hence by
Lemma 2.2, 2ui ∈  Z. Suppose that 2ui /=  0 for all
ui ∈ Ui \  {0}. Lemma 2.3(i) guarantees that for each
x∈ N  \ {0}  ; there exists uix ∈  Ui such that xuix /=  0.
Since xuix ∈  Ui; we have 2xuix =  x(2uix) ∈  Z; and by
Lemma 2.2 we get x  ∈  Z. Therefore N  = Z, i.e.; N  is a
commutative near-ring. Since N  /=  {0}, there exists
0 /=  p  ∈ N  such that p  + p  ∈  N  = Z. Hence by Lemma
2.1(ii), N  becomes a commutative ring.
The only remaining possibility is that Ui ∩  Z = {0}
and there exists ui ∈  Ui \  {0}  such that 2ui = 0.
We complete our proof by showing that this can-
not occur. Suppose then, that ui ∈ Ui \  {0}  and
2ui = 0. We have D(u1,  u2,  .  .  ., u3i , .  . ., un) =
3u2i D(u1, u2,  . .  ., ui,  . . ., un) ∈  Z  and since
2u2i D(u1,  u2,  . .  ., ui,  . . .,  un) =  0, we get
u2i D(u1, u2,  .  . ., ui, . . ., un) ∈ Z. This implies that
u2i ∈  Z. Since Ui ∩  Z  =  {0},  u2i =  0. Now in view of
Lemma 2.2 of [6], we know that D(u1, u2, . .  ., xui, . .  .,
xn) = xD(u1, u2, .  . ., ui, .  . ., un) + D(u1, u2, .  . ., x, .  . .,
un)ui for all x ∈  N, ui ∈  Ui, 1 ≤  i  ≤  n.
Hence ui{xD(u1, u2, . .  ., ui, . .  ., un) + D(u1, u2, . . ., x,
. .  ., un)ui} = {xD(u1, u2, . .  ., ui, .  . ., un) + D(u1, u2, . . .,
x, . .  ., un)ui}ui. Using Lemma 2.4 of [6] the right hand
side of previous relation takes the form xD(u1, u2, . . .,
ui, .  . ., un)ui.
Multiplying on left by ui in the previous relation
we have u2i {xD(u1, u2,  .  . ., ui,  .  . ., un) +  D(u1,  u2,  . . .,
x, .  . ., un)ui}  =  uixD(u1,  u2,  .  .  ., ui,  . .  ., un)ui, which
implies that uixD(u1, u2, . .  ., ui, .  .  ., un)ui = 0, i.e.;
uiND(u1, u2, .  . ., ui, .  . ., un)ui = {0}. Primeness of N
yields D(u1, u2, . .  ., ui, .  . ., un)ui = 0 and since D(u1,
u2, . .  ., ui, . .  ., un) ∈ Z  \  {0}, we conclude that ui = 0, a
contradiction. Corollary  3.3  ([5, Theorem 2.1]). Let  N  be  a  prime
near-ring and  U  be  a  nonzero  semigroup  right  ideal  of  N
or a  nonzero  semigroup  left  ideal.  If  N  admits  a nonzero
 Univer
d
r
C
n
D
r
C
n
d
a
p
o
a
a
e
s
l
T
n
U
N
t
u
t
P
D
U
D
P
h
s
o
e
w
u
b
C
w
n
D
N
i
dM. Ashraf et al. / Journal of Taibah
erivation  d  for  which  d(U) ⊆  Z,  then  N  is  a  commutative
ing.
orollary  3.4  ([3, Theorem 3.2]). Let  N  be  a  prime
ear-ring admitting  a  nonzero  permuting  n-derivation
 such  that  D(N, N, . . ., N) ⊆  Z  then  N  is  a  commutative
ing.
orollary 3.5  ([3, Theorem 3.8]). Let  N  be  a  prime
ear-ring which  admits  a  nonzero  permuting  n-
erivation D  such  that  D(C, C, .  .  ., C) ⊆  Z.  Then  N  is
 commutative  ring,  where  C  /=  {0}.
In the year 2001, Bell and Argac [7, Theorem 3.5]
roved that if N  is a near-ring with no nonzero divisors
f zero and U  a nonzero semigroup right ideal of N  which
dmits a nonzero derivation d  such that d(xy) = d(yx) for
ll x, y ∈  U, then N  is a commutative ring. We have
xtended this result in the setting of n-derivations and
emigroup right ideals in near-rings by proving the fol-
owing theorem:
heorem  3.5.  Let  N  be  a  prime  near-ring  with
o nonzero  divisors  of  zero  and  U1, U2, . . .,
n be any  n nonzero  semigroup  right  ideals  of
. If  N  admits  a nonzero  n-derivation  D  such
hat D(u1u′1,  u2,  .  .  ., un) =  D(u′1u1,  u2, . . ., un) for  all
1,  u
′
1 ∈  U1,  u2 ∈  U2,  . .  ., un ∈  Un,  then  N  is  a  commu-
ative ring.
roof.  Since D(u1u′1,  u2,  . .  ., un) =
(u′1u1,  u2,  . .  ., un) for all u1, u′1 ∈  U1,  u2 ∈
2, . . ., un ∈  Un, we find that
(u1u′1 −  u′1u1,  u2, .  .  ., un) =  0 (3.7)
utting u1u′1 for u′1 in relation (3.7) and using it again we
ave D(u1,  u2,  . .  ., un)(u1u′1 −  u′1u1) =  0. By hypothe-
is, for each fixed u1 ∈  U1, either D(u1, u2, .  . ., un) = 0
r u1 centralizes U1. Applying Lemma 2.3, we see that
ither D(u1, u2, . .  ., un) = 0 or u1 ∈  Z. By Lemma 2.6
e conclude that D(u1, u2, . . ., un) ∈  Z  for all u1 ∈  U1,
2 ∈  U2, . . ., un ∈  Un, i.e., D(U1, U2, . .  ., Un) ⊆  Z. Hence
y Theorem 3.3, N  is a commutative ring. 
orollary 3.6.  Let  N  be  a prime  near-ring
ith  no  nonzero  divisors  of  zero.  If  N  admits  a
onzero n-derivation  D  such  that  D(x1x′1,  x2,  . .  ., xn) =
(x′1x1,  x2,  .  . ., xn) for  all  x1,  x′1, x2, . . ., xn ∈  N,  then
 is  a commutative  ring.Very recently Boua and Oukhtite [8] proved that if N
s a prime near-ring which admits a nonzero derivation
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y] = 0, (ii) d[x, y] = ±  [x, y] and (iii) d(xoy) = ±  (xoy) for
all x, y ∈  N. Then N is a commutative ring. It is to be noted
that in view of our Theorem 3.8, there exists no nonzero
derivation d  on a prime near-ring of characteristic differ-
ent from two satisfying the identity d(xoy) = xoy  for all
x, y  ∈ N. We have extended these results in the setting of
n-derivations in a prime near-ring N.
Theorem  3.6.  Let  N  be  a  prime  near-ring  having  a
nonzero n-derivation  D.  If  U1, U2, .  .  ., Un are  nonzero
semigroup  ideals  of  N  such  that  D([x, y], u2, .  . ., un) = 0
for all  x, y  ∈  U1, u2 ∈  U2, . . ., un ∈  Un,  then  N  is  a  com-
mutative  ring.
Proof. Since
D([x,  y],  u2, .  . ., un) =  0 (3.8)
for all x, y  ∈  U1, u2 ∈  U2, . . ., un ∈ Un. Replacing y  by
xy in (3.8) we get D([x, xy], u2, .  . ., un) = 0, i.e.; D(x[x,
y], u2, .  . ., un) = 0, which further gives us D(x, u2, .  . .,
un)[x, y] + xD([x, y], u2, . .  ., un) = 0. By hypothesis we
get, D(x, u2, .  . ., un)[x, y] = 0, i.e.;
D(x,  u2,  .  . ., un)xy  =  D(x,  u2,  .  . ., un)yx  (3.9)
Replacing y by yr, where r ∈ N, in (3.9) and using it again
we get D(x, u2, .  . ., un)y[x, r] = 0, i.e.,
D(x,  u2,  .  . ., un)U1[x,  r] =  {0} (3.10)
By using Lemma 2.4, we conclude that for each x  ∈  U1
either x  ∈  Z or D(x, u2, . .  ., un) = 0. But using Lemma 2.6,
lastly we get D(x, u2, .  . ., un) ∈  Z  for all x  ∈  U1, u2 ∈  U2,
. .  ., un ∈  Un, i.e.; D(U1, U2, . .  ., Un) ⊆  Z. Now by using
Theorem 3.4, we find that N is a commutative ring. 
Corollary 3.7.  Let  N be  a  prime  near-ring  having  a
nonzero n-derivation  D.  If  D([x, y], x2, .  . ., xn) = 0 for  all
x, y, x2, .  . ., xn ∈  N,  then  N  is a commutative  ring.
Theorem 3.7.  Let  N  be  a  prime  near-ring  having  a
nonzero n-derivation  D.  If  U1, U2, .  .  ., Un are  nonzero
semigroup  ideals  of  N  such  that  D([x, y], u2, . .  .,
un) = ±  [x, y] for  all  x, y ∈ U1, u2 ∈ U2, . .  ., un ∈ Un,  then
N is  a  commutative  ring.
Proof.  Since D([x, y], u2, .  . ., un) = ±  [x, y] for all x,
y ∈ U1, u2 ∈  U2, .  . ., un ∈ Un. Replacing y  by xy  in pre-
ceding relation and using it again we get D(x, u2, . .  .,
un)[x, y] = 0, i.e.; D(x, u2, .  .  ., un)xy  = D(x, u2, . .  ., un)yx  .
This is identical with the relation (3.9) in Theorem 3.6.
Now arguing in the same way as in the above theorem
we infer that N  is a commutative ring. Corollary  3.8.  Let  N be  a  prime  near-ring  having  a
nonzero n-derivation  D.  If  D([x, y], x2, . .  ., xn) = ±  [x, y]
for all  x, y, x2, .  . ., xn ∈ N,  then  N  is  a  commutative  ring.
 Univer
[
[
[
[
[
[
[7] H.E. Bell, N. Argac, Derivations, products of derivations, and com-132 M. Ashraf et al. / Journal of Taibah
Theorem  3.8.  Let  N  be  a  prime  near-ring  of  charac-
teristic different  from  2.  Then  there  exists  no  nonzero
n-derivation  D  of  N  such  that  D(xoy, i2, . .  ., in) = ±  (xoy)
for all  x, y ∈  I1, i2 ∈  I2, .  . ., in ∈  In, where  I1, I2, . .  ., In
are  nonzero  ideals  of  N.
Proof.  If possible, suppose that there exists a nonzero
n-derivation D  of N  such that D(xoy, i2, . . ., in) = ±  (xoy)
for all x, y  ∈  I1, i2 ∈  I2, . . ., in ∈  In. Replacing y  by xy  in
preceding relation and using it again we get D(x, i2, . .  .,
in)(xoy) = 0, i.e.;
D(x,  i2, .  .  ., in)xy  =  −D(x,  i2,  . .  ., in)yx  (3.11)
Putting yz  for y  where z  ∈  N  in (3.11) we have D(x,
i2, . .  ., in)xyz  = −  D(x, i2, .  . ., in)yzx, i.e.; D(x, i2, .  . .,
in)xyz  + D(x, i2, .  . ., in)yzx  = 0. Now substituting the
values from (3.11) in the preceding relation we get
{ −  D(x, i2, .  . ., in)yx}z  + D(x, i2, .  . ., in)yzx  = 0, i.e.; D(x,
i2, . . ., in)y(−  x)z  + D(x, i2, .  .  ., in)yzx  = 0. Since x  ∈  I1
implies that −x ∈  I1. Hence replacing x  by −x  in the pre-
ceding relation we have D(−  x, i2, . . ., in)yxz  + D(−  x,
i2, .  . ., in)yz(−  x) = 0, in turn we get D(−  x, i2, . .  .,
in)y(xz  −  zx) = 0 or D(−  x, i2, . . ., in)I1[x, z] = {0}. Since
N is a zero symmetric left near-ring and I1 is a nonzero
ideal of N. This implies that I1 is a nonzero semigroup
ideal of N. For each fixed x  ∈ I1, Lemma 2.4 yields either
x ∈  Z  or D(−  x, i2, . .  ., in) = 0. If first case holds then by
Lemma 2.6 we have D(x, i2, .  . ., in) ∈  Z  for all i2 ∈  I2,
i3 ∈  I3, . . ., in ∈  In and second case implies −D(x, i2, .  . .,
in) = 0, i.e.; 0 = D(x, i2, . .  ., in) ∈  Z. Including both the
cases we get D(x, i2, .  . ., in) ∈ Z  for all i2 ∈ I2, i3 ∈  I3,
. . ., in ∈  In. But x  is an arbitrary element of I1, thus we
conclude that D(I1, I2, .  . ., In) ⊆  Z. Since I1, I2, . .  ., In are
nonzero ideals of N, hence I1, I2, .  . ., In are also nonzero
semigroup ideals here. Therefore using Theorem 3.4, we
infer that N  is a commutative ring.
Since we have shown that N  is a commutative ring,
now the relation (3.11) takes the form 2D(x, i2, .  . .,
in)yx  = 0 for all x, y ∈  I1, i2 ∈  I2, .  . ., in ∈  In. As it is well
known that if a prime ring N  is of characteristic different
from 2, then it will be a 2-torsion free ring. Therefore
the previous relation gives us D(x, i2, .  . ., in)yx  = 0, i.e.;
[sity for Science 9 (2015) 126–132
D(x, i2, .  .  ., in)I1x = {0}. For each fixed x ∈ I1, Lemma
2.4 yields either x  = 0 or D(x, i2, .  . ., in) = 0. Including
the previous both possibilities we arrive at D(x, i2, . . .,
in) = 0 for all i2 ∈ I2, i3 ∈  I3, .  .  ., in ∈  In. But x is an arbi-
trary element of I1, thus we conclude that D(I1, I2, . . .,
In) = {0}. Using Lemma 2.7(ii), we conclude that D  = 0.
This leads to a contradiction. 
Corollary 3.9.  Let  N  be  a prime  near-ring  of  char-
acteristic different  from  2.  Then  there  exists  no  nonzero
n-derivation  D of  N such  that  D(xoy, x2, .  . ., xn) = ±  (xoy)
for all  x, y, x2, .  . ., xn ∈  N.
Remark 3.1.  All the results obtained above are also
true if we replace semigroup left ideals by left ideals,
semigroup right ideals by right ideals and semigroup
ideals by ideals.
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